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Abstract
For Newtonian 2n-body problems with equal masses in R3, we prove the existence of new noncollision
periodic solution such that 2n bodies move on two different closed curves.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
In recent years, many authors (for example, [1–3,5–17,19,20,22–25]) used variational meth-
ods to study the periodic solutions for Newtonian n-body problems. Especially, Chenciner and
Montgomery [8] proved the existence of the remarkable figure-“8” type periodic solution for pla-
nar Newtonian 3-body problems with equal masses, Simo [20] used computer to discover many
new periodic solutions for Newtonian n-body problems, Marchal [16] studied the fixed end prob-
lem for Newtonian n-body problems and proved the minimizer for the Lagrangian action has no
interior collision. Chenciner [9], Ferrario and Terracini [12] simplified and developed Marchal’s
important works. Zhang [23], Zhang and Zhou [24] decomposed the Lagrangian action for n-
body problems into some sum for two body problems and [25] avoided collisions by comparing
the lower bound for the Lagrangian action on the symmetry collision orbits and the upper bound
for the Lagrangian action on test orbits. Motivated by the works of Chenciner and Montgomery,
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new planar noncollision periodic and quasi-periodic solutions.
In this paper, we consider a system of 2n (n 2) positive masses m1 = m2 = · · · = m2n = 1
moving in the 3-dimensional space under Newton’s law of gravitation:
q¨i + ∂V (q)
∂qi
= 0, i = 1, . . . ,2n, (1.1)
where qi ∈ R3 is the position of the ith body and
V (q) = V (q1, . . . , q2n) = −
∑
1i<j2n
1
|qi − qj | . (1.2)
Let
A =
⎛
⎝0 0 10 1 0
1 0 0
⎞
⎠ , (1.3)
E =
{
q = (q1, . . . , q2n)
∣∣∣∣∣ qi ∈ W 1,2(R/Z,R3),
2n∑
i=1
qi = 0;
qi
(
t + 1
2
)
= −qi(t), i = 1,2, . . . ,2n; q2(t) = Aq1(−t + τ);
q2i−1(t) = q1
(
t + i − 1
n
)
, q2i (t) = q2
(
t + i − 1
n
)
, i = 2,3, . . . , n
}
, (1.4)
where
W 1,2
(
R/Z,R3
)= {x ∣∣ x ∈ L2(R,R3), x˙ ∈ L2(R,R3), x(t + 1) = x(t)}, (1.5)
Λ = {q ∈ E | qi(t) = qj (t), ∀t ∈ R, 1 i = j  2n}. (1.6)
We define the Lagrangian action functional
f (q) = f (q1, . . . , q2n) =
T∫
0
(
1
2
2n∑
i=1
|q˙i |2 − V (q)
)
dt. (1.7)
Theorem 1.1. The global minimizer of f (q) on Λ is a noncollision periodic solution of (1.1)
and which does not locate in the coordinate planes if n = 2,3.
The proof of Theorem 1.1 is divided into the following steps:
1◦. Define suitable symmetric group actions and prove the Lagrangian action f (q) is invariant
under the group actions, and prove the fixed point space for the group action is just the do-
main Λ for function (1.7), then using Palais’s symmetrical principle, we get that the critical
point for f (q) on Λ is just a weak T-periodic solution for (1.1).
2◦. Using the symmetry for candidate orbits, we prove the Lagrangian action f is coercive, and
furthermore prove f is weakly lower semi-continuous, hence f can attain its infimum on the
weakly closed subset Λ of a Hilbert space.
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4◦. Prove the minimizer is C2 and satisfies the Newtonian equation (1.1) pointwisely.
5◦. Prove the minimizer does not locate in the coordinate planes.
Remark. The periodic solution we found essentially consists of two choreographies, half the
bodies follow each other along one curve while the other half do the same on a different curve,
with equally spaced time-intervals. In addition, the periodic solutions have three types of different
symmetries: a time-forward symmetry, a time-reflection symmetry and a switching rotational
direction symmetry A.
2. Some lemmas
Lemma 2.1. [21] Let X be a reflexive Banach space, M ⊂ X is a weakly closed sub-
set, f :M → R is weakly lower semi-continuous; if f is coercive, that is, f (x) → +∞ as
‖x‖ → +∞, then f attains its infimum on M.
Lemma 2.2. (Palais [18]) Let G be an orthogonal group on a Hilbert space H . Define the fixed
point space: FG = {x ∈ H | gox = x, ∀g ∈ G}; if f ∈ C1(H,R) and satisfies f (gox) = f (x)
for any g ∈ G and x ∈ H, then the critical point of f restricted on FG is also a critical point of
f on H.
Lemma 2.3 (Gordon’s theorem [13]).
(1) Let x ∈ W 1,2([t1, t2],RK) and x(t1) = x(t2) = 0. Then for any a > 0, we have
t2∫
t1
(
1
2
|x˙|2 + a|x|
)
dt  3
2
(2π)2/3a2/3(t2 − t1)1/3. (2.1)
(2) (Cf. Long and Zhang [15].) Let x ∈ W 1,2(R/T Z,RK), ∫ T0 x dt = 0, then for any a > 0, we
have
T∫
0
(
1
2
|x˙|2 + a|x|
)
dt  3
2
(2π)2/3a2/3T 1/3. (2.2)
Lemma 2.4. [4, pp. 134–137] Let I = (a, b) be a bounded interval in R, and let F(x, z,p) be a
Lagrangian of class C2 defined on I¯ ×RN ×RN , N  1, satisfying the following conditions:
(i) there are constants C0,C1 > 0 such that for all (x, z,p) ∈ I¯ × RN × RN : C0|p|m 
F(x, z,p) C1(1 + |p|m);
(ii) there is a function M(R) > 0 s.t. |Fz(x, z,p)| + |Fp(x, z,p)| M(R)(1 + |p|2) for all
(x, z,p) ∈ I¯ ×RN ×RN with x2 + |z|2 R2;
(iii) for all (x, z,p) ∈ I¯ ×RN ×RN and all ξ ∈ RN\{0} we have Fpipk (x, z,p)ξ iξ k > 0.
Let H 1,m(I,RN) = {u(x) ∈ Lm(I,RN), u˙(x) ∈ Lm(I,RN)}. Let α,β ∈ RN are fixed.
Define
S = {v ∈ H 1,m(I,RN ), v(a) = α, v(b) = β}.
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D(u) =
b∫
a
F
(
x,u(x),u′(x)
)
dx
in S, then u ∈ C2(I¯ ,RN) and satisfies the Euler–Lagrange equation.
3. Proof of Theorem 1.1
Define a group action σ1 × σ2 × σ3:
σ1
(
q1(t), . . . , q2n(t)
)= (−q1
(
t + 1
2
)
, . . . ,−q2n
(
t + 1
2
))
, (3.1)
σ2
(
q1(t), q2(t), q3(t), q4(t), . . . , q2n−1, q2n(t)
)
= (Aq2(−t + τ),Aq1(−t + τ),Aq2n(−t + τ),Aq2n−1(−t + τ), . . . ,
Aq4(−t + τ),Aq3(−t + τ)
)
, (3.2)
σ3
(
q1(t), q2(t), q3(t), . . . , q2n−2(t), q2n−1(t), q2n(t)
)
=
(
q2n−1
(
t + 1
n
)
, q2n
(
t + 1
n
)
, q1
(
t + 1
n
)
, . . . ,
q2n−4
(
t + 1
n
)
, q2n−3
(
t + 1
n
)
, q2n−2
(
t + 1
n
))
. (3.3)
According to the definition of E, we have
q2(t) = Aq1(−t + τ), (3.4)
q2i−1(t) = q1
(
t + i − 1
n
)
, q2i (t) = q2
(
t + i − 1
n
)
, i = 2,3, . . . , n, (3.5)
q3(t) = q1
(
t + 1
n
)
, q2n(t) = q2
(
t − 1
n
)
, (3.6)
q2n(t) = q2
(
t − 1
n
)
= Aq1
(
−t + 1
n
+ τ
)
= Aq3(−t + τ), (3.7)
So,
q2n(t) = Aq3(−t + τ), (3.8)
q2i (t) = q2
(
t + i − 1
n
)
= Aq1
(
−t − i − 1
n
+ τ
)
= Aq3
(
−t − i
n
+ τ
)
= Aq2n−2i+3(−t + τ), i = 2, . . . , n, (3.9)
q2i+1(t) = Aq2n−2i+2(−t + τ), i = 1, . . . , n− 1. (3.10)
This implies that Λ is the fixed point space of G. Furthermore, for any σi and q =
(q1, . . . , q2n) ∈ (W 1,2(R/Z,R3))2n and satisfying qi(t) = qj (t) for i = j and t ∈ [0, T ], we
have f (σi ◦q) = f (q), then Palais’s symmetry principle implies the critical point of f restricted
on Λ is also a critical point of f on (W 1,2(R/Z,R3))2n.
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1∫
0
qi(t) dt = 0. (3.11)
Poincaré–Wirtinger inequality implies
1∫
0
|q˙i |2 dt  (2π)2
1∫
0
∣∣qi(t)∣∣2 dt. (3.12)
Hence f (q) is coercive on Λ. It is easy to see Λ is a weakly closed subset. Fatou’s lemma
implies that f (q) is weakly lower semi-continuous. Then by Lemma 2.1, f (q) attains inf{f (q) |
q ∈ Λ}.
3.1. The 4-body problem with equal masses
In the definition of Λ, we set τ = 14 . We prove the minimizer of f (q) on Λ is noncollision.
Firstly, we estimate the infimum of the action functional on the collision set.
1◦. If q1, q2 collide at t = 0, then q1, q2 collide at t = 0 and t = 1/4 and t = 1/2 and t = 3/4;
q3, q4 collide at t = 0 and t = 1/4 and t = 1/2 and t = 3/4.
2◦. If q1, q3 collide at t = 0 then q1, q3 collide at t = 0 and t = 1/2; q2, q4 collide at t = 1/4
and t = 3/4.
3◦. If q1, q4 collide at t = 0 then q1, q4 collide at t = 0 and t = 1/2; q2, q3 collide at t = 1/4
and t = 3/4.
4◦. If q2, q3 collide at t = 0 then q2, q3 collide at t = 0 and t = 1/2; q1, q4 collide at t = 1/4
and t = 3/4.
5◦. If q2, q4 collide at t = 0 then q2, q4 collide at t = 0 and t = 1/2; q1, q3 collide at t = 1/4
and t = 3/4.
6◦. If q3, q4 collide at t = 0 then q3, q4 collide at t = 0 and t = 1/4 and t = 1/2 and t = 3/4;
q1, q2 collide at t = 0 and t = 1/4 and t = 1/2 and t = 3/4.
By Lagrangian identity, we split the kinetic energy [23–25],∑
i<j
|q˙i − q˙j |2 = 12
∑
i =j
|q˙i − q˙j |2 = 12
∑
i,j
(|q˙i |2 + q˙j |2 − 2〈q˙i , q˙j 〉)
=
4∑
i=1
|q˙i |2
∑
j
1 −
〈∑
i
q˙i ,
∑
j
q˙j
〉
= 4
4∑
i=1
|q˙i |2. (3.13)
Thus
f (q) =
T∫
0
(
1
2
4∑
i=1
|q˙i |2 − V (q)
)
dt
= 1
4
∑
1i<j4
(
1
2
1∫
|q˙i − q˙j |2 dt +
1∫ 4
|qi − qj | dt
)
. (3.14)0 0
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actions for six two-body problems with the same weights. We want to use Lemma 2.3 to estimate
the lower bound for the Lagrangian action of 4-body problems on collision generalized solutions.
There are six cases for collisions, but from Gordon’s lemma, we notice that the more for collision
times, the larger of Lagrangian action for the relative Keplerian problems for the collision two
bodies. So, Cases 1 and 6 have larger Lagrangian actions for two pair of collision bodies than the
other cases. When we estimate the lower bound, we only consider the smallest one, for any one
of Cases 2–5, we get the same lower bound estimate, which is bigger than the lower bound for the
Lagrangian action of the noncollision relative Keplerian problem if we add anti-T/2 symmetry
to the orbits. This point can be seen by Lemma 2.3, the difference is a factor 22/3. For 4-body
problems, if there are some two bodies to collide, then by anti-T/2 symmetry, there are two pair
of bodies to collide and each pair collides at least two times during one period, the other 4 pairs
may not take part in colliding. Hence by Lemma 2.3, we have the following lower bound estimate
for the Lagrangian action on collision generalized solutions for 4-body problems:
f (q) 3
2
(2π)2/34−1/3
[
2 × 22/3 + 4]≈ 23.0852. (3.15)
Finally, we estimate the upper bound of inf{f (q) | q ∈ Λ}. We choose elliptical orbits as the
test loops, but we notice it is interesting that all the elliptical orbits are not in the same plane.
Let a, b > 0 and⎧⎪⎪⎪⎨
⎪⎪⎪⎩
q1(t) = (a cos 2πt,−b sin 2πt,0)T ,
q3(t) = (−a cos 2πt, b sin 2πt,0)T ,
q2(t) = (0,−b cos 2πt, a sin 2πt)T ,
q4(t) = (0, b cos 2πt,−a sin 2πt)T .
(3.16)
A graph for test loop:
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a b f (q)
0.330 0.230 20.1441
0.330 0.240 20.1426
0.340 0.230 20.1293
0.350 0.230 20.1331
In the estimate of the upper bound of inf{f (q) | q ∈ Λ}, we use Mathematica and the accuracy
is 0.0001. The parameters a, b and the functional values f (q) on test loops are listed in Table 1:
f (q) 20.1293 < 23.0852. (3.17)
This proves the minimizer of f (q) on Λ is a noncollision solution.
3.2. The 6-body problem with equal masses
In the definition of Λ, we set τ = 0.
1◦. If q1, q2 collide at t = 0. Then q1, q2 collide at t = 0 and t = 12 ; q3, q4 collide at t = 16 and
t = 23 ; q5, q6 collide at t = 13 and t = 56 .
For the other collisions for two bodies on different choreographies, which are similar to the
collisions of q1 and q2.
2◦. If q1, q3 collide at t = 0. Then q1, q3 collide at t = 0 and t = 12 ; q3, q5 collide at t = 13 and
t = 56 ; q5, q1 collide at t = 16 and t = 23 ; q2, q4 collide at t = 0 and t = 12 ; q4, q6 collide at
t = 13 and t = 56 ; q6, q2 collide at t = 16 and t = 23 .
For the other collisions on the same choreography, which are similar to the collisions of q1
and q3. The smallest lower bound for the Lagrangian action of 6-body problem is related with
3 pairs of collision bodies and 12 pairs of noncollision bodies, by Lemma 2.3, we have lower
bound estimate for f (q) on ∂Λ:
f (q) 3
2
(2π)2/36−1/3
[
3 × 22/3 + 12]≈ 47.1149. (3.18)
We choose elliptical orbits as the test loops, let a, b > 0 and
⎧⎪⎨
⎪⎩
q1(t) = (a cos 2πt,−b sin 2πt,0)T ,
q3(t) = q1(t + 1/3), q5(t) = q1(t + 2/3),
q2(t) = Aq1(−t), q4(t) = q2(t + 1/3), q6(t) = q2(t + 2/3).
(3.19)
C. Deng, S. Zhang / J. Math. Anal. Appl. 330 (2007) 312–321 319As above, we use Mathematica and the accuracy is 0.0001. Choose a and b, then we have
Table 2
a b f (q)
0.350 0.310 44.8535
0.360 0.310 44.6936
0.370 0.310 44.5675
0.380 0.310 44.4739
0.400 0.310 44.3799
0.400 0.320 44.4478
0.400 0.300 44.3322
From Table 2 we have
f (q) < 47.1149. (3.20)
Finally, we prove the minimizer of f (q) on Λ does not locate in the coordinate planes.
Let
q1(t) =
(
x1(t), y1(t), z1(t)
)T
, (3.21)
q2(t) =
(
x2(t), y2(t), z2(t)
)T
. (3.22)
Without loss of generality, assuming that q1(t), q2(t) locate in x − y plane, then
z1(t) = z2(t) ≡ 0, (3.23)
q2(t) = Aq1(−t + τ). (3.24)
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⎝x2(t)y2(t)
0
⎞
⎠=
⎛
⎝0 0 10 1 0
1 0 0
⎞
⎠
⎛
⎝x1(−t + τ)y1(−t + τ)
0
⎞
⎠ . (3.25)
We have⎧⎨
⎩
x2(t) = 0,
y2(t) = y1(−t + τ),
x1(−t + τ) = 0.
(3.26)
Hence
q2(t) =
⎛
⎝ 0y2(t)
0
⎞
⎠=
⎛
⎝ 0y1(−t + τ)
0
⎞
⎠= q1(−t + τ). (3.27)
This means q1 and q2 will collide at t = τ2 and t = τ2 + 12 at least. Consequently, it contradicts
to that the minimizer of f (q) on Λ is a noncollision solution.
Hence the minimizer is collision-free, finally, by Lemma 2.4, the minimizer is C2 and satis-
fies (1.1).
Remark. Our methods and results should hold for 2n-body problems with all equal masses and
two sets of equal masses, we will study the problems in the future.
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